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Analysis of the Gruneisen Parameter for Cu and Associated Force-Model
Calculations for Cu and Ag
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An analysis of the temperature dependence of the thermodynamic Griineisen parameter v, of
‘Cu is performed in order to obtain the values of yp(n), essentially the volume derivatives of
the nth moments of the phonon spectrum. Simple phenomenological force-model calculations
of ¥,(T) and yp(n), which principally make use of the pressure derivatives of the elastic con-
stants and published “harmonic” force models obtained from neutron-diffraction data, have
also been performed for Cu and Ag. The sensitivity of the results of the force-model calcu-
lations to the various quoted values of the second-order force constants and the pressure de-
rivatives of the elastic constants is indicated. Comparison is made with experiment wherever

possible.

INTRODUCTION

As discussed by Barron ef al.,! an appropriate
analysis, based on the quasiharmonic approxima-
tion, of the thermodynamic Gruneisen parameter
¥(T), yields information about the volume depen-
dences of several moments of the vibrational fre-
quency distribution. It seemed worthwhile to per-
form this analysis for Cu, 2 although the temperature
dependence of v, for Cu is somewhat weaker than it
is for substances used in previous analyses. 3 we
point out that these types of analyses may be useful
for accurately determining volume dependences of
the Debye-Waller factor or specific heat, since in
the quasiharmonic approximation these quantities
are describable in terms of moments of the frequen-
cy spectrum over wide temperature regions. Part-
ly for the purpose of comparison with our analysis
for Cu, we have also performed related calculations
based on simple phenomenological force models ap-
propriate to Cu and Ag.

A theoretical evaluation of ¥,(T), in the quasi-
harmonic approximation, chiefly requires a knowl-
edge of second-order force constants and their vol-
ume dependences. Very recently Sharma and Singh?
have presented results of calculations of ¥,(T) for
the noble metals based on the Chéveau model, ®
which explicitly takes into account the electron-gas
contribution to the force constants in an approximate
way. The potential parameters involved in their
calculations were determined according to the meth-
od of long waves, using the measured values of the
adiabatic elastic constants at each temperature of
interest and the pressure derivatives of these con-
stants at room temperature. We have performed
similar force-model calculations of both y,(T) and
vp(%), essentially the volume derivative of the nth
moment of the frequency distribution. Our model
involves published second-order force constants
determined from neutron data®™® and the assumption
that the volume derivatives of further than nearest-
neighbor force constants can be neglected. The
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values of the remaining volume derivatives are de-
termined, by the method of long waves, principally®
from the measured values of the pressure deriva-
tives of the room-temperature adiabatic elastic
constants dc;;/dP.'°3 1t was of some interest to
perform calculations on the basis of this model for
Cu and Ag because it has been found empirically
that the force constants between nearest-neighbor
atoms are dominant®~® and because “reasonable”
values of the parameters of the short-range Born-
Mayer potential are obtainable from measurements
of the third-order elastic constants for these met-
als.!* The parameters of our models are deter-
mined mainly from room-temperature data except
when noted, because these appear to be the most ac-
curate and complete data. Of course, it would be
preferable to make use of low-temperature data, but
it is expected that the use of such data'® would not
affect our results greatly. Finally, it should be
mentioned that many other workers have performed
calculations relating to ¥;(T) for the noble met-

als, 1% 141617 put the models used differ substantially
from ours and no force-model calculations of v, (%)
for noble metals have appeared in the literature to
our knowledge.

THEORY

We are primarily concerned with the quantities
7,(T) and ¥, (n) as given by their usual expressions'®
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where w; is the frequency associated with the jth
normal mode, ¥; is the mode Grineisen parameter,
¢(wy, T) is the contribution of the jth normal mode
to the heat capacity, and w”" is the nth moment of
the frequency distribution.'® Further, the quasi-
harmonic approximation is made in obtaining the
equality in expression (1) and S; and C, ; denote

the lattice-vibrational contributions to the entropy
and isochoric heat capacity, respectively. It might
also be mentioned here that, for metals, in order
to obtain 7,(7T) from the quantity which is determined
directly from experimental data, i.e., ¥(T)=8V/
K C,, where B is the volume expansivity, V is the
volume, K; is the isothermal compressibility, - and
C, is the isochoric heat capacity, it is necessary
to take account of the effects in g8 and C, of the
electronic excitations. The quantity ¥,(7) may then
be analyzed with the aid of the latter equality in ex-
pression (1) for the purpose of obtaining values of
o (n) . 20
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With regard to our force-model calculations, the
indicated sums in expressions (1) and (2) were per-
formed with the aid of a uniform cubic grid of 2992
points in - of the Brillouin zone. The accuracy of
the results increases rapidly with increasing T
[for %,(T)] and increasing n [for ¥p(x)] and is better
than 1% for n=-2.5 and T =5 °K; this is an estimate
based on the comparison of results for grids of
2992 and 408 points in 45 of the Brillouin zone. The
mode Gruneisen parameter was obtained at arbitrary
points in the Brillouin zone with the use of the ex-
pression®

dlnw;, =V 8D, 4(F)
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where &,(j) and D,,,B(f') correspond to the polariza-
tion vector and dynamical matrix, respectively, and
where { denotes the wave vector and i denotes the
polarization index of the mode. We also note here
that volume derivatives of only the interatomic
force constants enter Eq. (3), as can be easily seen
from the form of the dynamical matrix for Bravais
crystals. &

THERMODYNAMIC DATA

The thermal-expansion data used in evaluating -
7,(T) for Cu were taken from several sources. In
the low-temperature region (6 < 7'< 30 °K) the data
of Carr, McCammon, and White?? were used; the
error in their results is estimated to be within
+5% at 7 °K and within 1% above 15 °K.- Their de-
termination of the electronic coefficient of linear
expansion was also employed: «,=1.45x10"10T
°K-Y(+10%), where T is in °K. It is to be noted
that the results of Carr ef al.* are essentially in
agreement with the recent low-temperature mea-
surements of Kos and Lamarche.? There have been
several recent publications of the thermal expan-
sivity of Cu in the range 30 <7 <300 °K: Rubin
et al.,? Bijl and Pullan,® Simmons and Balluffi?®
(T <100 °K), and Leksina and Novikova®’ (90°K < T).
All these data agree with each other to within less
than 2%, except for the data of Bijl and Pullan, %5
whose result at 40 °K is more than 30% below the
corresponding results reported in the other three
papers. Simmons and Balluffi?® have suggested
that the capacitor dilatometer technique employed
by Bijl and Pullan has a systematic error at low
temperatures. Thus we have discounted the data
of Bijl and Pullan. We have used only the data of
Rubin et al.?* in the range (30 <7 < 90 °K) and the
data of Leksina and Novikova?? in the range
(90 < T < 300 °K) for determining the values of ¥, (),
since these data are in good agreement in their re-
gion of overlap; i.e., the agreement is within 1%



1802 J.

at 7=90 °K and within 0.5% at T =280°K, and since
the data of Rubin et al.?*are in good agreement with
the low-temperature measurements of Carr ef al.®
However, our error estimates are based on the
spread of the thermal-expansion data corresponding
to the different measurements which we have con-
sidered; use of the individual estimates of accuracy
quoted by Rubin ef al.?* and Leksina and Novikova?’
would lead to much smaller error bars in ¥, ().
‘Values of the remaining quantities (and their lim-
its of accuracy) which enter into ¥(7) for Cu were
obtained from the ultrasonic measurements of
Overton and Gaffney?® and the specific-heat com-
pilation of Furukawa et al.?® We mention, too
that values of the moments of the frequency distri-
bution which are needed in our analysis were ob-
tained from the analysis of the heat capacity of Cu
by Barron et al. %

RESULTS AND DISCUSSION

The results of our calculations are shown in Figs.
1-4. Since there exist several sets of experimental
values of the pressure derivatives of the elastic
constants, =13 we present force-model calculations
for each set of values. Furthermore, several har-
monic force models®~® which serve as reasonably
accurate representations of the dispersion curves

23—

1 1 1 1 1
0 50 100 150 200 250 300
T(°K)

FIG. 1. v4(T) for Cu. The solid, broken, and dashed
curves correspond to a sixth-neighbor harmonic model
based on T ~ 300 °K neutron data and to model parameters
obtained with the use of experimental values of the pres-
sure derivatives of the 7'~ 300 °K adiabatic elastic con-
stants given by Hiki and Granato (Ref. 11), Daniels and
Smith (Ref. 10), and Salama and Alers (Ref. 12), res-
pectively; the high-temperature limiting values are also
indicated. The triangle and cross correspond to the data
of Salama and Alers (Ref. 12) used with a sixth-neighbor
harmonic model (Ref. 7) based on T'=49 °K neutron data
and a fourth-neighbor harmonic model (Ref. 6) based on
T'=300°K neutron data, respectively. The vertical bars
represent the experimental values (see text).
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FIG. 2. v(T) for Ag. The solid, broken, and dashed
curves correspond to a fourth-neighbor harmonic model
based on T =300 °K neutron data and to model parameters
obtained with the use of pressure derivatives of the T
~300°K adiabatic elastic constants given by Hiki and
Granato (Ref. 11), Daniels and Smith (Ref. 10), and Ho
et al. (Ref, 13), respectively; the high-temperature
limiting values are also indicated. The vertical bars
represent the experimental values obtained from thermal-
expansion [Refs. 5 (the anomalous data reported for T
<7°K were disregarded), 31, 32], compressibility (Ref.
33), and heat-capacity data (Ref. 29).

for Cu have appeared in the literature, so we have
performed our calculations for a few of these har-
monic models. Hopefully, our calculations provide
an indication of the uncertainties in calculated v,(T)
curves for Cu and Ag arising from uncertainties in
values of dc;;/dP and, in the case of Cu, in neutron
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FIG. 3. vYp() for Cu, The description of the calcu-
lated curves in terms of the model parameters is the
same as in Fig. 1. The calculations were performed at
intervals in z of 0.5 for <0 and 1,0 for >0. The ver-
tical bars represent the estimated errors of our deter-
mination of yp(z) essentially from the experimental val-
ues of y(7).
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FIG. 4. Yp(n) for Ag. The description of the calcu-
lated curves is the same as in Fig. 2. The calculations
were performed at intervals in » of 0.5 for <0 and 1.0
for »>0.

measurements of the dispersion curves. As seen
in Fig. 1, only the calculations based on the Dan-
iels-Smith'® values of dc ;/dP and the sixth-neigh-
bor (T' =300 °K) model’ yield an initial decrease of
7;(T) with increasing temperature. All other re-
sults which we have obtained for v,(T) for Cu appear
to be in qualitative agreement with each other. For
clarity, only values of v,(T =300 °K) calculated with
the use of the fourth-neighbor (7T =300 °K) model®
and the sixth-neighbor (7'= 49 °K) model’ are shown
in the figure. It might also be mentioned that our
results appear to be in reasonable agreement with
the calculations of Sharma and Singh. *

Our results for %;(T) for Ag indicate that the Dan-
iels-Smith' values of dc;/dP lead to much closer
agreement with experiment at moderate temperatures
than do the Hiki-Granato! values, as concluded also
by Sharma and Singh.* In addition, we have found
that recent values of dc,;/dP obtained by Ho et al.'?
yield excellent agreement with the experimental
%(T) curve at moderate temperatures, as shown in
Fig. 2. However, it should be stressed that, owing
to the crudeness of our model and our neglect of
certain anharmonic effects, our results do not im-
ply that the measurements of Hiki and Granato'! are
in error.
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We have also considered the effects on our model
calculations of small uncertainties in the room-tem-
perature elastic constants which, as can easily be
shown, are needed in order to determine the volume
derivatives of the force constants in the framework
of our model. Our quoted results for Cu and Ag
are based somewhat arbitrarily on the room-tem-
perature elastic constants of Overton and Gaffney?®
and Hiki and Granato, !* respectively. The use of
the room-temperature elastic constants of Hibi and
Granato!! for Cu and of Neighbours and Alers® for
Ag would cause constant changes in calculated
Griineisen parameters of only — 1% and + 3%, re-
spectively.

Values of ¥p(n) for Cu and Ag are shown in Figs.
3 and 4, respectively. As seen in Fig. 3, the model
calculations, which are in fair agreement with the
results of the data analysis, yield a monotonically
increasing vp() curve for all values ofn considered.
We note that this behavior of v, (n) differs qualita-
tively from what is found in the alkali halides where
maxima in 7, () are predicted for n~2.! We be-
lieve that the consistency of our results for v, (n)
tends to indicate that the methods and approxima-
tions used in our work are not grossly in error.

Finally, we wish to compare our force-model
results for 7,(0), or ;. [the value of ¥,(T) in the
high-temperature limit], with those of Hiki et al.,*
which are based on the anisotropic continuum model
and on 7'=300 °K input data. For Cu and Ag, Hiki
et al.** obtained values of ¥; of 2.07 and 2.55, re-
spectively, as compared to our values (based on
the same data as those used by Hiki ef al., as far
as possible) of 2.16+0.02 and 2.51, where the
+0.02 takes into account the two 7= 300 °K har-
monic models for Cu. Thus it is perhaps of some
interest that both the continuum model and the
models we use yield comparable results for 7] of
Cu and Ag, although the continuum model should
not be expected to yield the correct temperature
dependence of ¥, at moderate temperatures, i.e.,
T~ 5 6, owing to possible dispersion effects.
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The Debye-Waller (DW) factors for Nb and Sn atoms in the intermetallic compound NbsSn have
been determined by x-ray intensity measurements on a single crystal. The results are found
to be in satisfactory agreement with the theory for both the angular and temperature depen-
dence of the scattering. The data can be fitted by assigning Debye temperatures of 318 °K and
262 °K to the Nb and Sn atoms, respectively. We are unable to confirm the anomalously large
value of the DW factor found in a Mdssbauer-effect study.

INTRODUCTION

NbySn undergoes a phase transition from cubic
to tetragonal symmetry at temperatures below about
50 °K.! The elastic constant Cy;-C,,, which rep-
resents the stiffness of the shear mode which
transforms the crystal from cubic to tetragonal,
is found to decrease rapidly as the temperature
is lowered, approaching zero at the transforma-
tion temperature 7,.2 Current theories®* attri-
bute the elastic softening to a Jahn-Teller-like
mechanism, in which the d-band degeneracy at
the Fermi level arising from independent sub-bands
associated with the three orthogonal Nb atom chains
in the 8-W structure, is removed by the tetragonal
distortion. In this model the free-energy differ-
ence between the cubic and tetragonal states is a
function of the strain alone, and the transformation
is first order. Since no evidence of a first-order
transformation has been observed, ° the early sug-
gestion that some other order parameter besides
the strain might be necessary in the expansion of

the free-energy difference near T,° appears com-
pelling. By analogy with certain ferroelectric
transitions, the second parameter might be an
optical-mode coordinate. In this case, the soft
elastic mode appears as a consequence of the inter-
action of the low-frequency optical mode with the
acoustic branch of the phonon spectrum.

Some evidence for such a mechanism was found
in a study of the MGssbauer effect in Nb,Sn. "It
was observed that the recoil-free fraction was
anomalously low, corresponding to a Debye tem-
perature of 56 °K at 4.2 °K, and indicative of a
large anharmonic contribution to the binding energy.
The data could be represented as a combination of
a Debye-like spectrum with reasonable ©=290 °K,
and a temperature-independent opticallike mode,
which was interpreted as arising from the loose
(square-well) binding of the Sn atoms. (Sn'*® was
the y-ray source.) However, no evidence of un-
usual softness in the phonon spectrum has been
observed in other measurements (e.g., specific
heat, ® and resistivity?). Since crystals large



